INTRODUCTION
The concept of multiplication groups of quasigroups was introduced by Albert Cl] and the connection between quasigroups and corresponding multiplication groups has been studied by Bruck [6] , Smith [20] and Ihringer [14, 151. While studying the multiplication group of a loop Q (a quasigroup with neutral element) a central role is played by the stabilizer of the neutral element. This subgroup 1(Q) of the multiplication group is called the inner mapping group of Q. If Q is a group then it is clear that r(Q) consists of the inner automorphisms of Q. We also know that a loop Q is an abelian group if and only if 1(Q) = I.
In this paper we study some properties of the inner mapping group and we also give a partial answer to the question: What are the multiplication groups of loops? This question is closely connected to certain transversal conditions. Sections 2 and 3 are devoted to investigating these conditions and in Section 4 we characterize multiplication groups of loops with the aid of these conditions. In the same section we prove one of our main results: If Q is a finite loop whose inner mapping group is cyclic, then Q is an abelian group. Finally, in Section 5 we use the properties of the inner mapping group in order to show that certain groups are not multiplication groups of loops. We also give examples of groups which are multiplication groups of loops.
Our notation is standard and for basic facts about groups and loops WC refer to [4,7, 133. MUI.TIpLI(:.4TION GROUPS 113 2. CONNECTEII TRANSVERSALS Let H be a subgroup of G. We say that a left transversal A to H in G is stable if Ax is a left transversal to H in G for every XE G. Stable transversals are sometimes also called loop transversals. They are discussed, e.g.; in [3, 15, 163 . It is not difficult to prove LEMMA 2.1. The following conditions are equivalent:
(1) A is a stohle transversal to H in G, (2) A Y is u left transversal to H in G for ever)) g E G, ProoJ We must prove that x-lcx E K for every c E C and for every x E G. We can assume that c E A and x = bu for some b E B and u E H.
Since b-'c-'bc E H, it follows that x-lc-lx E K. LEMMA 2.6. Let H be a proper subgroup of a simple group G and let A and B be H-connected transversals in G. Then H is maximal in G.
ProoJ: Let a E A -H and put K= (a, H). By Lemma2.5, a E L,(K). Since L,(K) # 1 and G is simple, we conclude that L,(K) = G. But then K = G and thus H is a maximal subgroup of G. 
From this, f(a -'c) E L&f(H)) = 1 and j(a) =,f(c). For .f( B) we can proceed in a similar way.
Two THEOREMS
In our analysis of the relationship between a subgroup H and H-connected transversals A and B we shall examine the situation where H is cyclic and L,;(H) = 1. We first prove 
belongs to H and finally
We have shown that in both cases b-'cb E H and we conclude that 
Let a. h. and c belong to A and denote by R the subgroup generated by h(a, h), h(c, 6) and h(c, c). Again, R is generated by one of these elements. If R is generated by h(c, 6) (or h(c, c)), then h(u, b)cH=cH and thus c 'h(a, h)cc H.
Next assume that h(a, h) is a generator of R.
Thus we have shown that c -'/~(a, b)c~ H; hence h(a, 6) E Lo(H), h(u, h)= 1, and g(u, h)=uh. We conclude that A is a subsemigroup of G. If UEA, then a 'H=bH for some heA. Now H=abH, hence u~EH. Since A is H-selfconnected, ah = I and u-' = h E A. This means that A is a subgroup and since uhH = huH for all a, b E A we get ah = ha. The proof is complete. We now prove that Z(G) = 1. If ZEZ(G) (z # l), then H(z) is normal in G. If x, y E Z(G) (x # 1, y # 1 ), x has order p, and y has order q (here p and q arc two different prime numbers), then H(x) n H(y) = H. This means that H is normal in G which is not possible. It follows that Z(G) is a p-group for a prime number p. Now HZ(G) is normal in G and if Q is a Sylow q-subgroup of H (q # p), then Q is a Sylow q-subgroup of HZ(G) and consequently Q is normal in G. This means that H is a cyclic p-group. By Theorem 3.1, G is abelian which is a contradiction. We conclude that Z(G) = 1.
By Proposition 2.7, we have that NJ H) = H = C,(H). Let H = P, . . P,: where the subgroups Pi are the Sylow pi-subgroups of H. If N&P,) = H for every i then all the P,'s are Sylow subgroups of G satisfying N,;(P,) = C,(P,). By the theorem of Burnsidc (see [ 13, p. 4193) we know that each P, has a normal complement in G and thus G = KH, where K is normal in G and KnH= 1. Now clearly, G'<K and since a-'/> 'ahEHnG', we have ah = ba for every a E A and b E B. By Lemma 3.4, G is abelian and this is again a contradiction. Thus we may assume that H has a Sylow p-subgroup P such that N,(P) > H. Let T be minimal among those subgroups of N,(P) which properly contain H. Then H is a maximal subgroup of T and clearly N,-(H) = H and N,(P)= T. Since C,(P) is normal in N.,.(P), it follows that C,(P) > H and then C,.(P) = T, which yields P< Z( T). Since N,(H) = H, we have Z(T) < H. Now Z(T) is a characteristic subgroup of T. If 7' is normal in G, then Z(T) is normal in G but this contradicts L,(H)= 1. Thus T is not normal in G. Now take an element a E (A n T) -H. Then T= (H, u) and by Lemma 2.5, UE LG.(T). Thus I,= L,;(T) # 1 and then HL = T is normal in G, a contradiction. The proof is complctc. EXAMPLE 3.6. Let G be the subgroup of S, generated by A = {e, (12)(34)(56), (135)(246), (164)(253), (145236) (154263)) and let H be the stabilizer of 1 in G. Now A is H-selfconnected, G is of order 24, H is elementary abelian of order 4, and NJ H) is elementary abelian of order 8. Clearly, G' is not contained in H. Remark. It seems to be an open problem whether the preceding result remains true in the infinite case. By Theorem 3.1, the answer is positive if H is a p-group or isomorphic to the Prtifer-group.
QLASIGROUPS AND LOOPS
Let Q be a yuasigroup (i.e., a groupoid with unique division). For each UE Q we have two permutations L, (left translation) and R, (right translation) on Q defined by L,(x) = ux and R,(x) = xa for every x E Q. The subgroup of S, generated by the set of all left and right translations is called the multiplication group of Q and is denoted by M(Q). It is clear that M(Q) is transitive on Q and the stabilizers of elements of Q are conjugated in M(Q). If Q is a loop (i.e., a quasigroup with a neutral element e), then we denote the stabilizer of e by I(Q) and we say that Z(Q) is the inner mapping group of Q. The concept of multiplication groups was introduced by Albert in [ 1, 23 and Bruck [6] introduced the notion of the inner mapping group (the analogue for loops of the inner automorphism group of a group).
We know that 1(Q) = 1 if and only if Q is an abelian group. If Q is a group, then I(Q) consists of the inner automorphisms of Q. In general, the inner mapping group is not a group of automorphisms. However, there are loops whose inner mapping group is a group of automorphisms: for example, the commutative Moufang loops (i.e., loops which satisfy the law xx .yz = xy .xz). These and many other results about inner mapping groups can be found in [S, 17, 193 . Now assume that Q is a loop and put A = (L, 1 LIE Q} and B= (R,I UE Q}. It is easy to see that A and B are Z(Q)-connected (hence stable by Lemma 2.2) transversals to 1(Q) in IV(Q). Furthermore, if 1 < Kd 1(Q), then K is not normal in M(Q). Finally, it is clear that M(Q) = (A, B).
We are now ready to state a theorem in which we reformulate and generalize some results from [3] , [lS] and [16] . Proof. If Q is a loop then we can choose G = M(Q), H = 1(Q), and A and B as in the discussion before the theorem. Now assume that G has a subgroup H and H-connected transversals A and B satisfying the conditions of the theorem. For each x E G, there is exactly one f(x)E A such that f(x)H =xH, i.e., x 'f(x)E H. Let K be the set of left cosets of H in G. We now define a binary operation (*) on K by (xH) * (yH) =f(x) yH.
If u 'XE H and v 'y E H, then f(x) = f(u) and (f(x)v) 'f(x) y = t: 'YE H. We conclude that (*) is well-dlined. Now A is a stable transversal to H in G and by using this fact it is easy to see that (K, *) is a quasigroup. Since A and B are H-connected and LG.(H) = 1, it follows that 1 E A; hence (K, *) is a loop. For each x E G, there also exists exactly one K(X)E B with xH= g(x)H. Now (xH) * (yH)=f(x)yH=f(x)g(y)H. Since A and B are H-connected, we have j'(x) R( y) H = g(y)f(x) H.
Then consider the action of G on K by left multiplication. Since LG( H) = 1, the kernel of the permutation representation corresponding to the action is trivial. We conclude that M(K) is isomorphic to G, since G = (A, B) . The proof is complete.
We also have We arc now ready to prove THEOREM 4.3. Let Q be a loop such thut l(Q) is a cyclic group. Then Q is an aheliun group provided that ut least one of the following conditions is satisfied:
(1) Q is finite, (2) Q is c1 group, Finally, we make some remarks about the preceding theorem and the situation in quasigroups. Remark 1. The problem whether f(Q) cyclic implies Q to be an abclian group is still unsolved in the general case. :   123456  214365  345621  436512  561234  652143 Here M(Q) is a nonnilpotcnt group of order 24 and I(Q) is isomorphic to Klein's four group. The rest of the section is devoted to groups which are not multiplication groups of loops. Let G be a group and 1 -C H-C G. Now we consider the following conditions on H:
(1) L?(H)> 1, (2) N,(H) > HZ(G), (3) H is a cyclic p-group or H is isomorphic to the Priifer group, (4) H is cyclic. Proposition 2.7, Theorem 4.1, and Theorem 4.3 yield THEOREM 5.1. Suppose that G is a group und each proper nontrivial suhgroup of G satisfies either (I), (2) , or (3). Then G is not isomorphic to the multiplication group of a loop. If G is (I finite group und every proper nontrivial subgroup of G satiqfies either (l), (2) , or (4) then G is not isomorphic to the multiplication group of a loop.
By using the preceding theorem it is easy to see that S,, Sq, and A, are not isomorphic to multiplication groups of loops. The conditions of Theorem 5.1 are also satisfied by the following groups:
(1) Hamiltonian groups, (2) Heineken-Mohamed groups (these infinite groups have trivia1 centre but the proper subgroups are properly contained in their normalizers; see, e.g., [ 12] ), (3) Blackburn groups (A finite group is a Blackburn group if it is neither abelian nor hamiltonian and the intersection of all nonnormal subgroups is not trivial; in a Blackburn group every minimal subgroup is normal; see [ 5] ), (4) Dihedral groups, (5) Nonprimary Redei groups (a finite group is nonprimary Redei if it is not abelian, not of prime power order, and each of its subgroups is abelian; for the structure of these groups see [ 13, pp. 281 and 2861 [17] and Smith [20] . 
